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Green-Horne-Zeilinger states are a typical type of multipartite entangled states, which plays a central role
in quantum information processing. For the generation of multipartite entangled states, the single-step method
is more preferable as the needed time will not increase with the increasing of the qubit number. However,
this scenario has a strict requirement that all the two-qubit interaction strengths should be the same, or the
generated state will be of low quality. Here, we propose a scheme for generating multipartite entangled states of
superconducting qubits, from a coupled circuit cavities scenario, where we rigorously achieve the requirement
via adding an extra z-direction ac classical field for each qubit, leading the individual qubit-cavity coupling
strength to be tunable in a wide range, and thus can be tuned to the same value. Meanwhile, in order to obtain
our wanted multi-qubits interaction, x-direction ac classical field for each qubit is also introduced. By selecting
the appropriate parameters, we numerically shown that high-fidelity multi-qubit GHZ states can be generated.
In addition, we also show that the coupled cavities scenario is better than a single cavity case. Therefore, our
proposal represents a promising alternative for multipartite entangled states generation.
I. INTRODUCTION
Entanglement is one of the most counterintuitive conse-
quences of quantum physics, and nowadays it plays a cen-
tral role in quantum computation and quantum communica-
tion [1]. Multipartite entangled states are entangled states
of many qubits which are indispensable resource for research
in large scale quantum computation [2], multipartite quantum
communication [3], quantum simulation [4] and quantum-to-
classical transition [5]. Therefore, generating entangled states
of an increasing number of qubits is an important benchmark
for modern quantum technology [6].
Green-Horne-Zeilinger (GHZ) states [7] are a typical type
of maximally entangled states, and the generation of which
have been paid much attention recently [8–21]. Conventional
way of GHZ states is generated in a step by step way, based
on high-fidelity quantum gates. In this way, the number of en-
tangled qubits is only increased by one at a time, and thus the
needed generation time will increase with the increasing of the
number of the involved qubits. In addition, this method will
also result in accumulation of individual gate operation errors
when the number of entangled qubits increases. Alternatively,
GHZ state can be generated in a single step [22–35], via the
deliberately designed collective interaction, irrespective of the
number of entangled qubits.
Meanwhile, superconducting transmon qubits, a kind of
superconducting Josephson-junction qubit, are one of the
promising solid-state processor for quantum state manipula-
tion [36–38]. Recently, the setup of multipartite supercon-
ducting qubits connecting to a common bus resonator has been
used for single-step entangled state generation. But, with the
increasing of the number of qubits, the probability to generate
a GHZ state decrease dramatically. This is because that the
single-step method has a strict requirement that all the two-
qubit interaction strengths should be the same. However, for
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each qubit, its coupling strength with the bus resonator is dif-
ferent so that the qubit-qubit interaction does not evolve syn-
chronously.
Here, we present a scheme to solve the above-mentioned
difficulty in a two coupled cavities scenario, where each su-
perconducting qubit is biased by a z-direction magnetic flux
in order to tune the qubit-resonator coupling. Specifically,
this modulation can effectively make the qubit-resonator cou-
plings to be tunable via the amplitudes of the external driv-
ing fields, so that the same coupling strength requirement for
many qubits can be met. Meanwhile, in order to obtain our
wanted multi-qubits interaction, different from that of in Refs.
[22, 23, 33, 34], x-direction ac classical field for each qubit is
also introduced. By selecting the appropriate parameters, we
analytically proved that multi-qubit GHZ states can be gener-
ated and we also numerically simulated the obtained high fi-
delity. In addition, for the target GHZ generation task, we also
numerically show that the coupled cavities scenario is better
than a single cavity case. Therefore, our proposal represents
a promising alternative for multipartite entangled GHZ states
generation with superconducting qubits.
II. THE THEORETICAL SCHEME
The proposed setup for Generating GHZ state is illustrated
in Fig. 1, which consists of a two coupled cavities in the cir-
cuit QED [37] scenario. Setting ~ = 1 hereafter, the Hamilto-
nian of the two coupled cavities is
Hc = ωra
+a+ ωrb
+b+ J(ab+ + a+b)
= ω+P
+
+P+ + ω−P
+
−P−, (1)
where a† (b†) and a (b) are the creation and annihilation op-
erators for the cavity A (B), respectively; J is the coupling
strength between the two cavity modes. The two localized
normal modes of this coupled system are P± = (a ± b)/
√
2,
and the frequencies of them are ω± = ωr ± J , with ωr being
chose to be the same for simplicity. Otherwise, the two modes
and their frequency will be slightly modified.
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2FIG. 1. Schematic diagram of our proposal. The system consists of
two cavities coupled by a central coupler, where N transmons qubits
(the yellow stripe) are placed in and coupled to each cavity.
In each cavity, there are N transmon qubits, and the free
Hamiltonian of them are
Hq =
2N∑
j=1
ωqj
2
σzj , (2)
where the static qubit frequencies are ωq,j . The 2N qubits are
simultaneously coupled to their corresponding cavities, and
the coupling Hamiltonian can be generally written as
Hint =
N∑
j=1
gj
2
a+σ−j +
2N∑
j=N+1
gj
2
b+σ−j +H.c., (3)
where σzj = |1〉j〈1| − |0〉j〈0|, σ+j = |1〉j〈0|, σ−j = |0〉j〈1|,
with |0〉j and |1〉j being the ground and excited states of jth
qubit, gj is the jth qubit-cavity coupling strength.
Meanwhile, all the qubits are simultaneously driven by the
classical field along x and z directions as
Hdz =
2N∑
j=1
Aj sin(ωjt+ ϕ)
2
σzj ,
Hdx =
2N∑
j=1
Ωj
2
[
e−iωdj tσ+j + e
iωdj tσ−j
]
, (4)
where Ωj is the Rabi frequency of the classical field along x
direction and Aj is the amplitude of the classical field which
can drive jth qubit along z direction.
In the interaction picture with respect to H0 =
Hc + Hdz + Hq , the interaction Hamiltonian Hw =
exp (iT
∫
H0dt)(Hint+Hdx) exp (−iT
∫
H0dt), with T be-
ing the time-ordering operator, will be
Hw =
N∑
j=1
gj
2
√
2
(P++ e
iω+t + P+− e
iω−t)σ−j e
−iωqj teiαjcos(ωjt+ϕ)
+
2N∑
j=N+1
gj
2
√
2
(P++ e
iω+t − P+− eiω−t)σ−j e−iωqj teiαjcos(ωjt+ϕ)
+
2N∑
j=1
Ωj
2
e−i(ωdj t+ϕd)σ+j e
iωqj te−iαjcos(ωjt+ϕ) +H.c. (5)
where αj = Aj/ωj . Note that
eiαjcos(ωjt+ϕ) ≡
∞∑
m=−∞
imJm(αj)e
im(ωjt+ϕ), (6)
thus setting ωdj = ωqj , ϕ = pi/2, and
|ω− − ωqj +mωj  {|δ|, gjJ1(αj)}, |ω+ − ωqj +mωj |  {|δ|, gjJ1(αj)} (7)
with δ = ω− − ωqj − ωj and (m 6= −1), we can neglect the terms oscillating fast, thus Eq. (5) reduces to
H ′w =
2N∑
j=1
J0(αj)Ωj
2
σxj +
1
2
√
2
 N∑
j=1
gjJ1(αj)e
iδtP †−σ
−
j −
2N∑
j=N+1
gjJ1(αj)e
iδtP †−σ
−
j +H.c.
 . (8)
Defining Hw0 =
∑2N
j=1
J0(αj)Ωj
2 σ
x
j . In the interaction picture, the interacting Hamiltonian will be [39]
H ′int = e
iδtP †−
N∑
j=1
gj
4
√
2
J1(αj)(σ
x
j + |−〉j〈+|e−iJ0(αj)Ωjt − |+〉j〈−|eiJ0(αj)Ωjt)
−eiδtP †−
2N∑
j=N+1
gj
4
√
2
J1(αj)(σ
x
j + |−〉j〈+|e−iJ0(αj)Ωjt − |+〉j〈−|eiJ0(αj)Ωjt) +H.c. (9)
3Assuming that J0(αj)Ωj  {δ, J1(αj)gj}, and eliminate the oscillate with high frequencies, H ′int reduces to
Hint =
eiδt
4
√
2
 N∑
j=1
gjJ1(αj)P
†
−σ
x
j −
2N∑
j=N+1
gjJ1(αj)P
†
−σ
x
j
+H.c.. (10)
Note that, in the case, we can control of the effective coupling
strength gj by varying the externally the classical field, i.e., by
controlling the amplitude αj , so that
gjJ(αj)/
√
2 = g (11)
can be met. Then Hint can be written in the form of
Hint =
g
2
P †−Jxe
iδt +H.c., (12)
where we have set Jx = Jx1 − Jx2 with Jx1 = 12
∑N
j=1 σ
x
j and
Jx2 =
1
2
∑2N
j=N+1 σ
x
j .
The evolution operator of the effective Hamiltonian reads
U(γ) = exp
(
iγJ2x
)
exp
(
iBP †−Jx
)
exp (iB∗P−Jx) ,
(13)
where
γ =
g2
4δ
[
t+
1
iδ
(
e−iδt − 1)] ,
B =
g
2iδ
(
eiδt − 1) . (14)
It is obvious that B(t) is a periodic function of time and van-
ishes at δτ = 2kpi where k = 1, 2, 3, .... At those time inter-
vals, the evolution operator in Eq. (13) reduces to
U(τ) = exp
[
iγ(τ)J2x
]
, (15)
which can be directly used to generate GHZ states when
γ(τ) = pi/2. In this case, δ =
√
kg, τ = 2pi
√
k/g. For
a fast scheme, we can set k = 1.
For an initial state |Ψ(0)〉 = |00 · · · 0〉a
⊗ |00 · · · 0〉b for
2N qubits in two cavities a and b, the final state is found to be
a GHZ state of
|Ψ(τ)〉N = U
(pi
2
)
|Ψ(0)〉 (16)
=
1√
2
[|00 · · · 0〉a|00 · · · 0〉b − i|11 · · · 1〉a|11 · · · 1〉b] ,
when N is even; the detail derivation are presented in Ap-
pendix A.
III. NUMERICAL SIMULATIONS
In order to obtain the effective Hamiltonian, several ap-
proximations have been made here According to the postu-
lated conditions in Eq. (7), we need to choose a suitable
value of the frequency ωj of z-direction magnetic. ωj is set
to around a fixed value, which should be adjusted with re-
spect to the corresponding qubit frequency ωqj , in order to
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FIG. 2. Time dependence of the fidelity of the two qubits entangled
state generation for the two coupled cavities (red solid line) and one
cavity (blue dashed line) cases.
ensure δ to be equal for different qubits. For simplicity, we
set ωj/2pi = 2pi × 600 MHz in our numerical simulation.
Meanwhile, suitable driving amplitudes Ajs of the z-direction
classical fields can be chosen to make sure that the effective
qubit-cavity coupling strengths to be the same, as shown in
Eq. (11), in spite of the fact that the original qubit-cavity cou-
pling strength gjs are not identical. Here, Ajs are used to
tune gj to a same value g/2pi =15 (10) MHz in the two (four)
qubits case. In addition, since αj becomes a certain value, we
also choose the amplitudes of each x-direction magnetic flux
Ωj to meet the condition of J0(αj)Ωj = Ω. For our simula-
tion, the used master equation is
dρ(t)
dt
= −i [Hw, ρ(t)] + κL(a) + κL(b)
+
2N∑
j=1
[
βL
(
σ−j
)
+ γL
(
σzj
)]
(17)
where L (B) = Bρ(t)B† − B†Bρ(t)/2 − ρ(t)B†B/2 is the
Lindblad operator with B ∈ {a, b, σzj , σ−j }. Here, the decay
and dephasing rates for all the qubits and the decay for both
cavities are all set to be equal as κ = β = γ = 2pi × 4 kHz.
As shown in Fig. 2, the fidelities of two qubits entangled
state generation are plotted with respective to time, for both
the one and two cavities cases and the other parameters are
list in table I. Obviously in the Fig.2, when the δτ = 2pi, the
fidelity of red solid line reaches up to 99.02% which is larger
than the same data of the blue dashed line. This proves that
the performance of generating GHZ state by a z-direction bi-
asing magnetic flux in the two-cavities case is better than that
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FIG. 3. Time dependence of the fidelity of the four qubits GHZ state
generation for the two coupled cavities (red solid line) and one cavity
(blue dashed line) cases.
of the one cavity case. Note that, the quantity of inter-cavity
coupling J exists only in the two-cavities case, and thus in the
one cavity group we compensate this to the qubits’ frequency,
so that the z-direction driving frequency ωj/2pi is still equal to
600MHz, be consistent with that of the two-cavity case. Be-
sides the number of cavities, decoherence and the oscillating
terms are non-negligible factors, which decrease the fidelity
of the generated GHZ state. In order to make all qubit-cavity
coupling strength gj to be a same value, each qubit is driven
by the classical field along z directions which bring in the os-
cillating terms that decreases the fidelity about 0.5%. Theo-
retically, with the increasing of the frequency ωj , the affect of
the oscillating terms would decrease.
As shown in Fig. 3, the fidelities of four qubits entangled
state generation are plotted with respective to time, for both
the one and two cavities cases and the other parameters are
list in table II. When the δτ = 2pi, the value of fidelity is
96.1% and 90.5% for the two- and one-cavity cases, respec-
tively. The same conclusion we can get is that the two-cavity
case shows better performance. Therefore, keeping all qubits
apart to each cavity will beneficial to the increase of fidelity.
This is because that the cross talk effect among the oscillating
TABLE I. The chosen parameters for our two qubits entangled state
generation schemes.
two-cavities case one-cavity case
α1 0.5171 0.7025
α2 0.5036 0.6845
g1/2pi 84.9 MHz 45 MHz
g2/2pi 87.0 MHz 46.5 MHz
A1/2pi 310.26 MHz 421.5 MHz
A2/2pi 302.16 MHz 410.7 MHz
Ω1/2pi 96.3 MHz 102.2 MHz
Ω2/2pi 96.0 MHz 101.6 MHz
Ω/2pi 90.0 MHz 90.0 MHz
TABLE II. The chosen parameters for our four qubits entangled state
generation shcmes.
two-cavities case one-cavity case
α1 1.0134 0.7698
α2 0.9837 0.7389
α3 0.9562 0.7025
α4 0.9303 0.6845
g1/2pi 31.8 MHz 28.0 MHz
g2/2pi 32.5 MHz 29.0 MHz
g3/2pi 33.2 MHz 30.0 MHz
g4/2pi 33.9 MHz 31.0 MHz
A1/2pi 608.0 MHz 461.9 MHz
A2/2pi 590.2 MHz 443.3 MHz
A3/2pi 573.7 MHz 421.5 MHz
A4/2pi 558.2 MHz 410.7 MHz
Ω1/2pi 79.0 MHz 93.3 MHz
Ω2/2pi 77.7 MHz 92.2 MHz
Ω3/2pi 76.5 MHz 90.9 MHz
Ω4/2pi 75.5 MHz 90.3 MHz
Ω/2pi 60.0 MHz 80.0 MHz
terms will be separated into to cavities and thus some of them
have been suppressed.
IV. CONCLUSION
In summary, we have put forward a project to generate GHZ
state in two coupled cavities scenario. In this method, each
qubit is driven simultaneously by the classical fields. Obvi-
ously, the role of the x-direction classical field is manipulat-
ing the qubit state. Therefore, we mainly adjust the qubit-
cavity strength gj by controlling the amplitude and frequency
of the z-direction classical field. Because of deviation of su-
perconducting manufacturing technique or the other environ-
mental factor, we need a way to make all qubit-cavity coupling
strength gj to be a same value, which can be achieved here
by selecting the appropriate parameters. In addition, we also
show that the coupled cavities scenario is better than a single
cavity case. Therefore, our proposal represents a promising
alternative for multipartite entangled states generation with
superconducting qubits.
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5Appendix A: Derivation details for Eq. (16)
In this Appendix, we present some derivation details in the
maintext. We note that
|Ψ(τ)〉N = e(ipi2 J
2
x)
∣∣∣∣N2 ,−N2
〉
z,a
∣∣∣∣N2 ,−N2
〉
z,b
= e(i
pi
2 J
2
x)
∑
M1,M2
CM1
∣∣∣∣N2 ,M1
〉
x,a
CM2
∣∣∣∣N2 ,M2
〉
x,b
(A1)
=
∑
M1,M2
ei
pi
2 (M1−M2)2CM1
∣∣∣∣N2 ,M1
〉
x,a
CM2
∣∣∣∣N2 ,M2
〉
x,b
.
As
exp
[
i
pi
2
(M1 −M2)2
]
=
{
i, M1 −M2 is odd;
1, M1 −M2 is even.
=
1√
2
[
ei
pi
4 + (−1)(M1−M2)e−ipi4
]
=
1√
2
[
ei
pi
4 + (−1)2N−2M1+(M1−M2)e−ipi4
]
(A2)
=
1√
2
[
ei
pi
4 + (−1)N (−1)(N/2−M1)(−1)(N/2−M2)e−ipi4
]
,
we get
|Ψ(τ)〉N = 1√
2
∑
M1,M2
[
ei
pi
4 + (−1)N (−1)(N/2−M1)(−1)(N/2−M2)e−ipi4
]
CM1
∣∣∣∣N2 ,M1
〉
x,a
CM2
∣∣∣∣N2 ,M2
〉
x,b
=
1√
2
[
ei
pi
4
∑
M1
CM1
∣∣∣∣N2 ,M1
〉
x,a
∑
M2
CM2
∣∣∣∣N2 ,M2
〉
x,b
+ (−1)Ne−ipi4
(∑
M1
(−1)(N/2−M1)CM1
∣∣∣∣N2 ,M1
〉
x,a
)(∑
M2
(−1)(N/2−M2)CM2
∣∣∣∣N2 ,M2
〉
x,b
)]
=
1√
2
[
ei
pi
4
∣∣∣∣N2 ,−N2
〉
z,a
∣∣∣∣N2 ,−N2
〉
z,b
+ (−1)Ne−ipi4
∣∣∣∣N2 , N2
〉
z,a
∣∣∣∣N2 , N2
〉
z,b
]
,
=
1√
2
[
ei
pi
4 |00 · · · 0〉a|00 · · · 0〉b + (−1)Ne−ipi4 |11 · · · 1〉b|11 · · · 1〉b
]
. (A3)
When N = 1, the final state is
|Ψ(τ)〉1 = 1√
2
(|0〉a|0〉b + i|1〉a|1〉b) . (A4)
In the Schro¨dinger picture, the above state can be written as
1√
2
[
(e−i
Ω
2 t|+〉a + eiΩ2 t|−〉a)(e−iΩ2 t|+〉b + eiΩ2 t|−〉b) + i(e−iΩ2 t|+〉a − eiΩ2 t|−〉a)(e−iΩ2 t|+〉b − eiΩ2 t|−〉b)
]
(A5)
where |±〉a = eiΘ1 |0〉 ± e−iΘ1 |1〉 and |±〉b = eiΘ2 |0〉 ± e−iΘ2 |1〉 with Θn = ωqnt/2− αn cos(ωnt+ ϕ)/2 and n ∈ {1, 2}.
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